INTRODUCTION
POSITIVE assortative mating has been observed in natural populations of a variety of organisms. In man Pearson and Lee (1903) demonstrated evidence of positive assortative mating for certain physical characteristics. Other examples have been described for the blue snow goose (Cooch and Beardmore, 1959) , the Artic Skua (O'Donald, 1959) , and Drosophila melanogaster (Parsons, 1965) . Laboratory experiments have been carried out to observe the consequences of induced positive assortative mating (Breese, 1956; Thoday, 1959) . One such consequence was an increase in genetic variability. These experimental observations raise a number of questions: What effect does positive assortative mating have on polymorphisms present in nature? Can balanced polymorphisms be maintained when positive assortative mating is taking place? What is the effect of the combination with other genetic forces, such as selection?
Some answers have been provided by the study of theoretical models. O'Donald (1960) set up a model of mixed random mating and positive assortative mating. Re studied the equilibrium behaviour of the model and obtained an expression for the heterozygote frequency as a function of the generation time, the initial and equilibrium heterozygote frequencies and the gene frequencies. Parsons (1962) considered the same model as O'Donald but expanded it to include the influence ofselection on the genotypes. Rather than studying the equilibrium behaviour Parsons then considered conditions under which new genes would increase in frequency in a population. This enabled him to use approximations to the difference equations describing the model, thus simplifying the algebraic manipulation necessary.
Two recent companion papers (Scudo and Karlin, 1969; Karlin and Scudo, 1969 ) examine a series of models of assortative mating in which preference is exercised by only one sex. They point out that in previous work the model used was such that gene frequencies remained constant and only the genotype frequencies changed with time.
The present paper considers the same model as that described by Parsons (1962) and studies the equilibrium behaviour of a population in which the three possible genotypes are all present in the population. With the presence of selective pressures, the gene frequencies as well as the genotype frequencies will change with time until an equilibrium is reached. pletely dominant to a, the genotypes AA and Aa will be phenotypically indistinguishable. The mating types and their frequencies for the assortative a.
Let the relative viabilities of AA, Aa and aa be a, h, and b respectively. The frequencies of the three genotypes in the next generation, denoted by u', v' and w' will be given by: 
where T is defined so that u' + v' + w' 1. 
and w w'. The ratio of equation (1') to (2') at equilibrium gives:
Making the substitution u k1 v in the ratio of equation (1') to (3'), a linear equation in v is obtained. The simplified result is:
Since ii = k1, and th =I --il, there is an equilibrium point:
D In order to have a genetic equilibrium with non-zero frequencies for the three genotypes, the following inequalities must be satisfied: aM 0 < < I,
All will be satisfied if the following relationships obtain: h h-a h> a, h> b, > as may be seen from the relations
If the restriction u, v, w 0 is removed, certain " boundary" equilibria exist, where one or two of the genotype frequencies will be zero.
Local stability conditions. Equations (1')-(3') can be rewritten in the form:
These can be expanded about the known equilibrium point to give:
where fu = u=u etc.
V =
If the population is close to the equilibrium point, the higher order terms of the expansion may be neglected. Now f(a,v) and g(a,t) = For generality replace u' with U+j, u with U, etc., where the subscripts denote successive generations for a given value of n, and let Xu = un -= Then in the neighbourhood of equilibrium (4) and (5) can be approximated by:
and vi-3 =.yn+i xngu+yngv.
/X Let V=( "yn /fufv
and G==f \gu gv Now (6) and (7) can be written
For a unique solution require: fufv g gv
In Appendix A the partial derivatives off and g have been computed. The requirement for uniqueness is merely a 2h. In considering the internal genetic equilibrium with u, v, w 0, this is always fulfilled since h> a. The matrix G can be diagonalised by a similarity transformation so that
where A1 and A2 are the eigenvalues of G, and the columns of S are the righthand eigenvectors of G. G can then be written
For a stable equilibrium X and y,, must approach zero as n approaches infinity. This will be satisfied when 1A11 and 1A21 are less than one. The solution of the characteristic equation gives, after algebraic simplification:
and A2= h2
For the internal equilibrium being considered I A1 <1 is always satisfied. IA2I < 1 implies that
This condition is also satisfied for the internal equilibrium. Hence by fulfilling the conditions for a genetic equilibrium with u, v, w 0, the conditions for local stability of the equilibrium are also fulfilled. (1) plus one-half of equation (2) gives:
This together with equation (2) rewritten in terms of p and v:
and the normalising equation, give the necessary independent equations for obtaining equilibrium frequencies for both the genes and the genotypes. The algebra involved in obtaining these equilibria is cumbersome and the equilibrium values themselves are so complicated that they are of little practical use. The end-results will be included for completeness but the intermediate steps will be omitted. Details of these steps can be found in Falk (1968) .
Let E = h-a and = h-b. Then equation (9) and the equation For the special case a = b and therefore ö = e, the equilibrium value for p is . Substitution into equation (11) 
Qa(l-oc)+h(l+x).
In principle, the equilibrium value for v for the general case, ô €, can be obtained by substituting the value of p given by equation (12) into equation (11), but this is neither practical nor useful. For particular values of the fitness parameters the numerical value of v can easily be obtained.
ASSORTATIVE MATING; NO DOMINANCE
If niether allele A nor allele a is dominant, all three genotypes will be distinct with respect to the characteristic influencing mating choice and the corresponding mathematical model is somewhat modified. The recurrence equations will be:
Tu' =a[c(u+v) +(1 -x)(u+v)2},
with all symbols defined as before.
The special case x = 1 gives results analogous to a selfing population where no mating takes place between different genotypes. This results in the reduction of the heterozygote frequency each generation unless the fitness of the heterozygote is more than double the fitness of each of the homozygotes (Hayman and Mather, 1953) . If h>2a and h>2b, then a sort of equilibrium will result although the equilibrium frequencies really only represent relative frequencies of three subpopulations which do not intermate. These frequencies will be:
and w 2(h-2b) V All other cases lead eventually to completely separate homozygotic populations.
If < I so that some random mating takes place between the genotypes, equations (l3)- (15) can be transformed into equations in p and v and equilibrium solutions can be found analogous to those in the previous section. (For details see Falk, 1968) . At equilibrium the two relevant equations will be:
and Tv = h [+2(1_a)P(l_P)] (17) with T defined in the usual way.
The solution for v in terms of p will be: Once again the general expression for 6 when fi is too complicated to be of practical value, but its numerical value can be obtained for particular fitness by using equations (18) and (19).
Dxscussxorc
Equilibrium solutions have been obtained for a model of positive assortative mating where there is differential selection among the genotypes. Both the case of dominance with respect to the characteristic influencing mating choice and the case of no dominance have been considered. In both, if the assortative mating is complete, conditions under which internal equilibria exist, expressions for those equilibria, and local stability properties have been found. Algebraic expressions for a more general model, with a combination of assortative mating and random mating, have been obtained, but conclusions about existence and stability of internal equilibria are not easily obtainable.
In the absence of selection, O'Donald (1960) showed that a stable polymorphism is possible when a fraction of a population is mating assortatively and the remainder at random. With the introduction of selection it is of interest to see under what conditions the stable polymorphism can still be maintained. At one extreme, complete random mating, the condition is already known, namely superior fitness of the heterozygote or heterosis. At the other extreme, complete assortative mating, the conditions are even stricter. When there is no dominance, the heterozygote fitness must be more than twice that of the two homozygotes. When there is dominance, a more subtle relationship between the fitness parameters must hold:
The genetic interpretation of this inequality is less clear than that of the others, but certain observations provide some clarification. Fig. 1 gives a geometric picture of the quantities involved. If a> b the inequality is always satisfied, for then < I and it is already required that -> 1 (see fig. 1 , A). However if b increases and a decreases, there will be a point at which the inequality is reversed ( fig. 1, B) . Hence the fitness of the AA genotype cannot be greatly depressed relative to the aa genotype and still allow an internal equilibrium to exist. but > Note that if a is sufficiently small, the random mating portion of the population will "dominate " and an internal equilibrium is possible.
be satisfied. Table 2 shows three examples of populations in which the fitness parameters do not satisfy (19). The first with ot = 1, becomes homozygous at equilibrium as expected. In the second, = 098 and the equilibrium population is again homozygous. In the third, = 080 and the random mating portion of the population is large enough to maintain an internal equilibrium. For other sets of fitness parameters the random mating fraction of the population might have to be even larger in order to maintain an internal equilibrium. There may be a simple relationship between sc, a, h, and b which provides the information necessary to determine the presence or absence of an internal equilibrium but this has, as yet, not been found.
5. SUMMARY 1. A model of mixed positive assortative mating and random mating with selection operating on the genotypes at a single, two allele locus is analysed in order to obtain expressions for equilibria and conditions for the local stability of those equilibria whenever possible.
2. The extreme case of complete positive assortative mating is analysed in some detail showing the greater restrictions necessary to maintain a stable polymorphism than are required in a random mating population.
3. Some results for the more general case are presented and the way in which this case fits in between the two extremes is discussed. 
